Comparative study of the direct α + d → 6 Li + γ astrophysical capture reaction in few-body models
I. INTRODUCTION
A consistent and realistic estimation of the primordial abundance ratio 6 Li/ 7 Li of the lithium isotopes is one of the long standing problems in nuclear astrophysics. Astrophysical data [1] yield a value for this ratio that is three orders of magnitude larger than the big bang nucleosynthesis (BBN) model prediction [2] . Although the abundance ratio 7 Li/H = 5.13×10 −10 of the Nine-Year Wilkinson Microwave Anisotropy Probe (WMAP) collaboration [3] is well reproduced by the theory [4] , the origin of the strong difference in the theoretical results and the astronomical data for the 6 Li/ 7 Li abundance ratio is not established yet.
The most important input parameter in the BBN model for the estimation of the abundance ratio of the lithium isotopes is the reaction rates of the direct radiative capture process
at low energies within the range 30 ≤ E ≤ 400 keV [2] , where E is the energy in the center of mass frame. The reaction rates are estimated through straightforward calculations on the basis of theoretical astrophysical S factor.
After multiple attempts by researchers around the world, first direct experimental results for the astrophysical S factor were obtained by the LUNA collaboration at an underground facility. The original data set of the LUNA collaboration at energiesE=94 keV and E=134 keV [5] was recently renewed with additional data at E=80 keV and E=120 keV [6] . The results of the LUNA collaboration for the reaction rates turn out to be even lower than previously reported in Ref. [7] . This further increases the discrepancy between prediction of the BBN model and the astronomical observations for the primordial abundance of the 6 Li element [6] .
From a theoretical point of view, fully microscopic calculations of the above process are still not available, although there are several works devoted to this problem. Some microscopic models deal with the so-called exact mass prescription for the estimation of the isospin forbidden E1 transition matrix elements [8, 9] . Other microscopic studies were limited with only E2 transition neglecting the important contribution of the E1 transition at low astrophysical energies. As argued in Ref. [10] , the exact mass prescription which uses the experimental mass values of nuclei, does not have a misroscopic background and is not applicable to the astrophysical processes like d(d, γ)α and 12 C(α, γ) 16 O. Further improvement of the microscopic models is expected which should include the isospin mixing in the final state [11] .
The same exact mass prescription was used in the two-body potential models [8, 9, [12] [13] [14] [15] .
In Ref. [15] a detailed comparative analysis was given for the astrophysical S factor of the 6 Li formation process with different α − d potential models and corresponding estimations for the 6 Li abundance were obtained. The two-body models are able to describe the E2 S factor pretty well [14] based on the correct asymptotic behaviour of the 6 Li bound state wave function adjusted to the empirical value C exp = 2.30 ± 0.12 f m −1/2 of the S-wave asymptotic normalization constant (ANC) [16] . However, since the exact mass prescription does not have a microscopic background, it is natural to question how realistic are the results for the isospin forbidden E1 transition matrix elements, as well as for the astrophysical S factor and reaction rates, obtained in the two-body models.
An important step toward the solution of the lithium abundance problem beyond the two-body approaches has been taken within the three-body models [10, 17, 18] . These models include an important contribution of the isospin mixing which plays a decisive role in the description of the astrophysical S factor at low energies. Recent study of the isospin forbidden E1 S factor of the radiative α capture on the 12 C nucleus within the cluster effective field theory [19] confirms this finding.
As shown within the framework of three-body model based on the hyperspherical Lagrange mesh method [10, 18] , the E1 S factor is dominant in the region E < 100 keV, while the E2 S factor is mostly important at higher energies. The final three-body α + p + n hyperspherical wave function of 6 Li was calculated with the α − N potential [20] including a forbidden state in the S wave. The forbidden states in the three-body system have been treated within the method of orthogonalising pseudopotentials (OPP) [21] . The wave function has a small isotriplet component of about 0.5 percent. This important isotriplet part of the three-body wave function [10, 17, 18] enables one to estimate the forbidden E1 S factor in a consistent way without using any exact mass prescription. The new data of the LUNA collaboration for the astrophysical S factor at low energies and the reaction rates have been reproduced within the experimental error bars. The estimated 6 Li/H abundance ratio of (0.67 ± 0.01) × 10 −14 was in a good agreement with the experimental value of (0.80±0.18)×10 −14 from the LUNA collaboration [6] . The obtained estimate for the 6 Li/ 7 Li abundance ratio of (1.30 ± 0.12) × 10 −5 [18] agrees well with the results of the BBN model [2] , however it is smaller than the data of the astronomical observations of (8.0 ± 4.4)% [22] and of (0-2)% [23] by 3 order of magnitude.
On the other hand, a value C = 2.12 f m −1/2 of ANC of the S-wave α + d configuration calculated from the α + p + n three-body bound state wave function [10, 18] is quite smaller than the above mentioned empirical value C exp = 2.30 ± 0.12 f m −1/2 [16] which was reproduced in the two-body model. Owing to the fact that the E2 S factor at low astrophysical energies is mostly defined by the ANC, one can conclude that the three-body model is still not optimal for the estimation of the astrophysical S factor and reaction rates as well as the abundance of the 6 Li element.
The aim of present work is a comparative study of the astrophysical S factor of the direct α(d, γ) 6 Li capture reaction, as well as the reaction rates and the primordial abundance of the 6 Li element within few-body cluster models. While the astrophysical S factors and reaction rates have been studied separately in two-body [14] and three-body models [10, 17, 18] , an optimal description of the direct experimental data of the LUNA collaboration has not been obtained. Here we examine a combined E1(three-body)+E2(two-body) model for the description of the direct experimental data, based on the viewpoint that the E2 S factor should be better described within the two-body framework due to almost exact reproduction of the empirical value of the ANC. Another interest is to see, how close the both absolute values and energy dependence of the E1 and E2 astrophysical S factors in two-body (within the exact mass prescription) and three-body models to the direct data of the LUNA collaboration. Also important is a behavior of the reaction rate and its temperature dependence.
Next important question is how sensitive are the results for the estimated astrophysical S factor to the projecting method used in the variational calculations of the three-body wave function. To this end we additionally estimate the astrophysical S factor with the three-body wave function of the 6 Li ground state, calculated using the supersymmetric transformation (SUSY) method [24] and compare with the results of the OPP approach [21] . The OPP method yields a nodal behavior for the α + N relative motion wave function due to a Pauli forbidden state in the S-wave, while the SUSY transformation does not keep this microscopic property, producing a two-body phase-equivalent shallow potential with a core.
II. THEORETICAL MODEL
The cross sections of the radiative capture process reads as
where Ω =E or M (electric or magnetic transition), ω denotes the entrance channel, k ω , v ω , I ω are the wave number, velocity of the α − d relative motion and the spin of the entrance channel, respectively, The reduced matrix elements of the transition operators are evaluated between the initial and final states. We also use short-hand notations [I] = 2I + 1 and [λ]!! = (2λ + 1)!!. Details of the matrix-element calculations have been given in Refs. [14, 17] .
The astrophysical S factor of the process is expressed in terms of the cross section as [26] S
where η is the Coulomb parameter. The bound and scattering wave functions of the α − d relative motion are calculated with a deep potential of Dubovichenko [30] with a small modification in the S wave [14] :
III. NUMERICAL RESULTS

A. Details of calculations
The potential parameters in the 3 P 0 , 3 P 1 , 3 P 2 and 3 D 1 , 3 D 2 , 3 D 3 partial waves are the same as in Ref. [30] . The potential contains additional states in the S and P waves forbidden by the Pauli principle. The above modification of the S-wave potential allows one to reproduce the empirical value C αd = 2.31 fm −1/2 of the asymptotic normalization coefficient (ANC) of the 6 Li(1 + ) ground state derived from α − d elastic scattering data [16] .
The final three-body α + p + n wave function of the 6 Li(1 + ) ground-state is calculated using the hyperspherical Lagrange-mesh method [25, 29, 31] with the same Minnesota NNpotential.
For the α−N nuclear interaction the potential of Voronchev et al. [20] is employed, which contains a deep Pauli-forbidden state in the S-wave. The potential was slightly renormalized by a scaling factors 1.014 to reproduce the experimental binding energy of E b =3.70 MeV. The Coulomb interaction between α and proton is taken as 2e 2 erf(0.83 R)/R [28] . The coupled hyperradial equations are solved with the Lagrange-mesh method [29] . The hypermomentum expansion includes terms up to a large value of K max , which ensures a good convergence of the energy and of the T = 1 component of 6 Li ground state.
In Refs. [10, 18] the OPP method was used for the treatment of the Pauli forbidden states in the three-body model. Here we also examine the SUSY transformation [24] of the initial α−N nuclear interaction potential. This operation yields a shallow potential which gives the same phase shift, but removes unphysical forbiddden state from the S wave α + N spectrum.
The inputs in the OPP and SUSY methods are identical. A comparison of the theoretical astrophysical S factors obtained within these two methods allows one to conclude about the sensitivity of the reaction cross section to the orthogonalization procedure.
B. Astrophysical S factors
To start with we note that the energy convergence in the three-body α + p + n system for the SUSY and OPP methods shows the same behavior. The energy of the 6 Li ground state E = −3.70 MeV converges already at a maximum value of hypermomentum K max = 24 in both cases. However, the structure of the 6 Li g.s. wave function in these two versions of the projection yields different pictures. The important isotriplet (T = 1) component of the 6 Li g.s. wave function used in the OPP method has a norm square of about 5.27×10 −3 , while in the case of the SUSY method the latter is 1.10×10 −4 . As we noted above, the important isotriplet component of the final 6 Li ground state is responsible for the E1 astrophysical S factor in the α(d, γ) 6 Li direct capture reaction. Therefore, the above difference should yield the same effect for the E1 S factor. Additionally, it is important to check, whether or not the energy dependence of the E1 S factor is the same in both cases. In Fig. 1 we show the E1 astrophysical S factor of the direct α(d, γ) 6 Li capture process estimated within the two-body model and with the OPP and SUSY three-body wave functions. As we can see from the figure, the three-body models yield the same behavior but the two-body model gives different energy dependence. On the other hand, the SUSY method yields too small S factor in the entire energy region, more than one order of magnitude smaller than the OPP method. This result indicates that the E1 astrophysical S factor is LUNA 2014 [5] LUNA 2017 [6] two-body [10, 18] , and the line for the two-body model is from Ref. [14] .
highly sensitive to the orthogonalization method when solving the three-body Schrödinger equation. A similar effect was found in the beta decay of the 6 He halo nucleus [32, 33] and M1 transition of the 6 Li(0 + ) isobar-analog state to the α + d continuum [31] . In fact, the OPP method yields scattering and bound state wave functions with a node at short distances, while this nodal behavior disappears in the SUSY method. In the present study, a nodal behavior of the S wave α + N wave function yields a strong contribution to the 9 important isotriplet component of the total 6 Li ground state wave function. The two-body model as was indicated above is based on the so-called exact mass prescription and does not contain any isospin transition term unlike the three-body models. This is why the two-body model fails to reproduce the energy dependence of the E1 astrophysical S factor.
The E2 astrophysical S factors calculated in the two-body and three-body models are displayed in Fig. 2 . As can be seen, the three-body OPP and SUSY methods give almost the same theoretical estimations. This means that the E2 S factor is not sensitive to the orthogonalization procedure in the wave function of the 6 Li ground state. On the other hand the two-body E2 S factor is larger than the three-body result. Indeed, the S wave ANC of the α + d configuration within the two-body model C 2 = 2.31 f m −1/2 [14] is closer to its empirical value C exp = 2.30 ± 0.12 f m −1/2 [16] than the values C 3 = 2.12 f m −1/2 (OPP) and C 3 = 2.05 f m −1/2 (SUSY), calculated from the overlap integral of the 6 Li g.s. and deutron wave functions within the three-body models [10, 18] . Since the asymptotic behavior of the bound state wave function of the 6 Li nucleus is decisive for the description of the E2 S factor at low astrophysical energies, the corresponding two-body results for the E2 S factor describe the experimental data better than the three-body models.
The total theoretical astrophysical S factors for the process are shown in Fig. 3 in comparison with the direct data of the LUNA collaboration [5, 6] and old data from Refs. [34] [35] [36] . Due to a strong influence of the orthogonalization method we have a big difference in the SUSY and OPP results. While the OPP method yields a good description of the direct data of the LUNA collaboration, the SUSY transformation leads to a substantial underestimation. On the other hand the two-body model yields larger estimates for the S factor especially at low energies although they are still within the experimental error bars of the LUNA data. The best description of the LUNA data is obtained within the combined E1(three-body OPP)+E2(two-body) model. The last combination is more preferable, since it is based on the best descriptions of the E1 and E2 S factors within the cluster model.
C. Reaction rates and abundance of the 6 Li element
For the estimation of the reaction rates we use the formalism which was described in details in Ref. [18] . When a variable k B T is expressed in units of MeV, where k B is the Boltzmann coefficient, it is convenient to use a variable T 9 for the temperature in units of 10 9 K according to the equation k B T = T 9 /11.605 MeV. In our calculations T 9 varies within the interval 0.001 ≤ T 9 ≤ 10.
In Fig. 4 we display the theoretical reaction rates of the direct α(d, γ) 6 Li capture process in the temperature interval 10 6 K ≤ T ≤ 10 10 K (0.001 ≤ T 9 ≤ 10) calculated within two-body and three-body models in comparison with the LUNA 2017 analysis [6] and the results of the NACRE II collaboration [7] normalized to the standard NACRE 1999 data [37] . As can be seen from the figure, the three-body OPP method yields a good description of the direct LUNA data, while the three-body SUSY model goes much below the error bar. In addition, the OPP model reproduces the temperature dependence of the reaction rates. Although the two-body model results lie within the experimental error bars of the LUNA data, the temperature dependence of the data is not reproduced. Again, the best description of the direct LUNA data for the absolute values and temperature dependence of the reaction rates is obtained within the combined E1(three-body OPP)+E2(two-body) model.
For the estimation of the abundance of the 6 Li element, the theoretical reaction rate is approximated within 1.40% (the two-body model), 1.89% (the three-body OPP model) and
1.88% (the combined model) by the following analytical formula: 
The coefficients of the analytical polynomial approximation of the d(α, γ) 6 Li reaction rates estimated within the two-body and three-body OPP models are given in Table 1 in the temperature interval 0.001 ≤ T 9 ≤ 10.
On the base of the theoretical reaction rates and with the help of the PArthENoPE 
IV. CONCLUSION
The astrophysical S factor and the reaction rates of the direct α(d, γ) 6 Li capture reaction, as well as the primordial abundance of the 6 Li element have been estimated within twobody, three-body and combined cluster models. It is shown that although the two-body model, which is based on the exact mass prescription, can describe the astrophysical S factor of the LUNA collaboration within the experimental error bars, it does not reproduce the temperature dependence of the reaction rate. This is a consequence of the fact the exact mass prescription for the estimation of the isospin forbidden E1 transition matrix elements is invalid. Within the three-body model a sensitivity of the theoretical astrophysical S factor to the orthogonalization procedure has been examined. It is found that the isospin forbidden E1 astrophysical S factor is very sensitive to the orthogonalization method. At the same time the E2 S factor does not depend on the orthogonalization procedure. As a result, the OPP method yields a very good description of the direct data of the LUNA collaboration at low energies, while the SUSY transformation significantly underestimates the LUNA data.
On the other hand, both methods show the same energy dependence for the E1 S factor.
The best description of the LUNA data for the astrophysical S factor and the reaction rates is obtained within the combined E1(three-body OPP)+E2(two-body) model. It yields a value of (0.72 ± 0.01) × 10 −14 for the 6 Li/H primordial abundance ratio, consistent with the estimation of (0.80 ± 0.18) × 10 −14 of the LUNA collaboration. And for the 6 Li/ 7 Li abundance ratio an estimation of (1.40 ± 0.12) × 10 −5 was obtained in the agreement with the Standard Model prediction. 
